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What is a bootstrap?

From the expression ...
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pull oneself up by one’s bootstraps

8 1 “’i Thought to derive from the
| “Adventures of Baron Munchausen"
by Rudolph Erich Raspe

Efron and Tibshirani (1998), p. 5




What is bootstrapping in statistics?

Basic Principle

Recreate the relation between the population and the sample by
considering the sample as an epitome of the underlying population.

Resample (with replacement) from the given sample to obtain the
bootstrap sample — analog of the given sample (Lahiri, 2003).

Compute statistic of interest from the resampled data, and aggregate
over multiple realizations (resamples) of the data.



What is bootstrapping in statistics?

Numerous textbooks on the subject. Efron and Tibshirani (1998);
Davison and Hinkley| (1997) both give easy-to-comprehend intro-
ductions to bootstrapping. [Lahiri (2003) gives a thorough treat-
ment of dealing with dependent data with the bootstrap.

The seminal paper by [Singh| (1981)) gives a theoretical proof that
under iid situations, the bootstrap outperforms the classic normal
results, but also shows that when the iid assumption fails, so does
the bootstrap approach.

References in [Lahiri (2003) cited for when to use m < n instead of
m = n in the bootstrap samples.



What is bootstrapping in statistics?

[ID Bootstrap

iid
Assume Xq,..., X, ~ F.

Resample from &, = { X1, ..., X,,} with replacement multiple times,
say R times.

For example, one resample from X5 might be X35 = { X1, X1, X3}

Non-parametric bootstrap: i
Sample from X, using the EDF F(z) = {#ei<z}

n

Parametric bootstrap:
Sample from F'(z), where a distribution is assumed for F'.



What is bootstrapping in statistics?

e The common distribution of the X'’s is given by the empirical
distribution of the original sample.

e Estimate the statistic(s) of interest, 8, from X * for each iteration.

Call it 6%,

e [stimate the unknown distribution of 6, or a function thereof.
(e.g., using the EDF of 6%).

Notation: Let GG be the distribution function for €, and G its bootstrap
estimate.



Example: Standard Error of E'TS

Suppose we are interested in the Equitable Threat Score, and want
to estimate its standard error. For each bootstrap sample, calculate
0* = E'TS™. The standard error is then given by

Sehoot = {Z — 9*0) — 1)}1/2

where §*0)

SO0/



Bootstrap Confidence Intervals

e Percentile Interval

°
e BC,
o ABC



Bootstrap Confidence Intervals

Percentile Interval

1 — 2« percentile interval is defined by
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Bootstrap Confidence Intervals

Percentile Interval: Pros and Cons

Pros

e Fasy to understand
e [asy to compute

e Transformation-respecting

(ie., [HHIOW GAUP] = [ (%lOW) (g%up)),
for m monotone increasing).

® range-preserving



Bootstrap Confidence Intervals

Percentile Interval: Pros and Cons

Cons: Does not work well in general

e Coverage performance is poor
(i.e., for a 95% interval, the target miscoverage is 2.5%)

° Canngt account for a biased estimate
(ie., 0 ~ N(6 + bias, s¢?))

e Cannot account for non-constant variance



Bootstrap Confidence Intervals

Bias-corrected and accelerated — BCg

1 — 2« interval of intended coverage is given by

(élOW) éup> _ (é*(al)’ é*(oq))
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a 1s defined similarly, but with 1 — « in place of a.



Bootstrap Confidence Intervals

Bias-corrected and accelerated — BC,: Pros and Cons

Pros

e transformation-respecting

2Hd

e Much better coverage than percentile: order accurate.

Cons

e Computationally burdensome!!
e Calculation of a does not use the bootstrap replicates.

e R must be very large in order to reduce the sampling error
sufficiently.



Bootstrap Confidence Intervals

Approzimate Bootstrap Confidence Intervals — ABC

Approximates the BC, endpoints analytically (without resorting to
further Monte Carlo simulations).

Pros

e Computationally more efficient than BC,

o 21 order accurate (good coverage)

e transformation-respecting
Cons

Requires § = s(z) to be defined smoothly in @
(e.g., will not work for the median!).



Bootstrap and Dependent data

Bootstrap Assumptions: Less stringent than most other approaches.

However, care still needs to be taken. For example,

Singh (1981]) showed that for Xi,..., X, Lid. F. the

[ID Bootstrap approximation for Pr{7T, < -} is far more accurate
than the classical normal approximation.

But, in the face of dependent data
Pr(T <z)—Pr(T, <x)#0

lim
nN—-rao



Bootstrap and Dependent data

Numerous approaches for handling dependent data. A few are ...

o (Efron and Tibshirani, 1998, pp. 53-55)
— (Lahiri, 2003, pp. 23-24)
e Block Bootstrap methods (Wilks, 1997)

— Nonoverlapping block (NBB) (Carlstein), |1986))

— Moving Block (MBB) (Kunsch, [1989; Liu and Singh| 1992)
— Generalized Block (GBB) (Lahiri, 2003, pp. 31-33)

— Circular Block (CBB) (Politis and Romano, 1992)

— Stationary Block (SB) (Politis and Romano, 1994)

o (Carlstein, 19806)
o (Hurvich and Zeger, 1987)
o (Lahiri, 2003, pp. 41-43)



Block Bootstrap Methods

Main idea is to restore the dependence structure in the data by re-
sampling contiguous blocks of data instead of individual points.



Conclusions

I have a lot of reading to do.



That’s all. Complete references on next slide.
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